Density and viscosity of liquids determination using
an inverse method for Love wave propagation

Piotr Kietczynski, Marek Szalewski, Andrzej Balcerzak, Krzysztof Wieja

Institute of Fundamental Technological Research
Polish Academy of Sciences
ul. Pawinskiego 5B, Warsaw, Poland
pkielczy @ippt.gov.pl

Abstract— The aim of this work was to establish an inversion
procedure for the simultaneous determination of the viscosity
and density of liquids. To this end, measurements of dispersion
curves of the phase velocity and attenuation of shear horizontal
Love waves were applied. Love waves propagate in an elastic
layered waveguide covered on its surface with an investigated
viscous (Newtonian) liquid. Firstly, the Direct Sturm-Liouville
Problem of the Love wave propagation in a such waveguide was
formulated and solved. Subsequently, the Inverse Problem was
formulated and solved as an Optimization Problem. The
appropriately constructed objective function that depends on the
material properties of a waveguide of the Love wave, material
properties of an investigated liquid (viscosity and density), and
the experimental data was employed. The simultaneous
determination of both liquid density and viscosity is important in
the monitoring of technological processes in many industries (e.g.
chemical, petroleum, pharmaceutical industry) as well as in
geophysics.
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I. INTRODUCTION

The aim of this study was to establish an inversion
procedure for the simultaneous determination of the viscosity
and density of liquids. This problem is important in the
monitoring of technological processes in many industries. The
viscosity and density are the key physical properties of the
process liquids and are of great importance for quality control
and to enhance productivity. Conventional mechanical
methods for determining the liquid density and viscosity are
cumbersome and difficult to computerize. Therefore, these
methods cannot be used on-line to control technological
processes. Lately, to overcome the disadvantages of the
mechanical methods, new ultrasonic methods that use
ultrasonic bulk shear waves [1,2], and surface acoustic waves
[3-5] were introduced to investigate the physical parameters of
liquids. To date, liquid viscosity and density were measured
simultaneously using ultrasonic dual element sensors [6,7] or
special highly complex sensors applicable only in laboratory
conditions [8,9]. In this paper, the authors present a new
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inverse method (based on the use of the Love surface wave)
that allows the simultaneous determination of the key physical
parameters of liquids, such as viscosity and density. The
established inverse procedure employs the measured
dispersion curves of phase velocity and attenuation of Love
waves that propagate in an elastic layered waveguide covered
on its surface by a viscous (Newtonian) liquid. This new
inverse method could constitute the basis for the design and
construction of sensors of the physical properties of liquids.

II. DIRECT PROBLEM

A. Dispersion equation

Calculation of the dispersion curves and the mechanical
displacement of the surface wave for given values of liquid
viscosity and density, elastic parameters of the surface layer
and substrate, and frequency, forms a direct Sturm-Liouville
problem. The above mentioned direct problem for Love waves
propagating in the structure shown in Fig.1 was formulated and
solved in the authors’ previous paper [10].

Using the continuity conditions of the mechanical
displacement u; and shear stress 7,3, at the interfaces: 1)
x, = 0 and 2) x, = —D, we arrive at the following analytical
expression for the complex dispersion equation of the Love
wave [10]:

sin(gD) X {(11)? X g% + pp X b X Ay X jon} +
—cos(qD) X {uy X pp Xb X q—py X q X244 X jon} =0
ey
In Eq.1 the complex wave number equals to k = k, + ja,
where: j = (—1)/2.

The real part of the wave number k, determines the phase
velocity of the Love wave. The imaginary part of the wave
number « is an attenuation of the Love wave. In the dispersion
equation (Eq.1), the quantities q, b and 1, are complex:

After separating the real and imaginary parts of Eq. 1, we
obtain the following system of nonlinear algebraic equations
with unknowns: k, and a [10].

A(#l' P1, K2, P2,7, pl'Dlw; kO'a) =0 (2)
B(,Lll, P1, U2y P2,1, pllD!w; kg,(l) =0 (3)



Here: w4, p1, Uy P2, M, p1, D and w are parameters. The
unknowns are: k, and .

Fig.1. Geometry of a Love wave waveguide (vl < v2) covered by a viscous
(Newtonian) liquid.

Analytical form of nonlinear functions A and B is given by
Eqgs. A7-A8 in the work of authors [10].

The system of nonlinear equations (2,3) was solved using
the appropriate numerical procedures from a computer
package Scilab. Consequently, the dispersion curves of Love
waves are evaluated.

B. Sensitivity analysis

It is important to find out which material parameters of a
liquid and the elastic waveguide have a noticeable influence
on the phase velocity and attenuation of the Love wave.
Therefore, we present a sensitivity analysis. Solving the
dispersion equations (Direct Problem) curves of phase velocity
and attenuation of the Love wave as a function of the viscosity
and density of a liquid covering the surface of the waveguide
have been obtained, see Figs.2,3. As can be seen from Fig.2
and Fig.3, both the density and viscosity of the liquid are
influential on the phase velocity and attenuation of the Love
wave.

Velocity [m/s]

Fig.2. Variation of phase velocity of the Love wave with density and
viscosity of a viscous liquid, f =2 MHz.
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Fig.3 Variation of attenuation of the Love wave with density and
viscosity of a viscous liquid, f =2 MHz.

Attenuation and velocity of the Love wave are sensitive to
changes in density and viscosity of the liquid loading surface
of the waveguide. This fact was exploited in the construction
of the objective function II(n, p;), in the Inverse Method in
Section III.

III. INVERSE PROBLEM

The inverse problem relies on the determination of the
unknown liquid parameters from the measured dispersion
curves of phase velocity and attenuation of Love waves
propagating in a considered layered structure. In this study, the
inverse problem was formulated and solved as an optimization
problem with properly defined objective function [11].

To solve the inverse problem the following three steps
were performed:

1. formulation and solution of the direct problem
2. performing numerical experiment (synthetic data)
3. formulation and solution of the inverse procedure
a. inverse problem is formulated as an optimization problem
b. determination of objective function I1(n, p;)
c. application of optimization procedures
min11(1, p1) = (Mopt, (P1)opt)

Formulation and solution of the direct problem is presented in
Section II.

A. Objective function

The objective function I1(n, p;) (see Eq.4) is employed in
the inverse problem that relies on simultaneous determination
of two unknown operational variables, i.e., liquid viscosity 1
and density p;.
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Here: N, is the number of experimental points, vjc and a]-c
are the phase velocity and attenuation calculated from the
direct problem that depend on both unknown values of liquid
viscosity 7 and liquid density p;, known “a priori”: material
parameters of an elastic waveguide, and experimental angular
frequency w;. v/" and a/" are experimental quantities of the
phase velocity and attenuation evaluated in Sect. IV.

Making use of the optimization methods, minimum of
the objective function I1(7, p;) was evaluated. It enabled the
determination of the optimum values of liquid viscosity n and
density p; simultaneously. These optimum values of liquid
viscosity and density constitute the solution of the inverse
problem.

To minimize the considered objective function,
optimization procedures of the Nelder-Mead type from Scilab
software package were employed. In order to verify the results
of the optimization process, another optimization algorithm
(from Scilab software package) was used, i.e., Simulated
Annealing algorithm. The results obtained from the use of
both methods were consistent.

IV. NUMERICAL EXPERIMENT (SYNTHETIC DATA)

In our numerical experiments we determined the
dispersion curves numerically. In the first step, by solving the
direct problem (Eqgs.2 and 3), we calculated the phase velocity
and attenuation curves for the exact values of liquid viscosity
ne¥act =1 Pas and density pf**t =1 X 103 kg/m3, see
TABLE 1. Used in the numerical calculations material
parameters of the waveguide structure (Cu on steel) are given
in Section V. Subsequently, we added random errors (e.g., 1%,
5%, 10%) to these values of the phase velocity and attenuation
(columns 2 and 3 in TABLE I). Obtained in this way
dispersion curves are treated in the inverse procedure as
simulated experimental curves.

TABLE I. Exact values of the phase velocity and attenuation at
various frequencies for n¢¥3t = 1 Pas, pf**t =1 x 103 kg/m53.

Frequency Phase velocity Attenuation
[MHz] [m/s] [Neper/m]
0.5 3101.808 0.4332
1.0 2834.308 2.5681
2.0 2402.049 8.0815
3.0 2247.417 11.3111
4.0 2185.157 13.6913
5.0 2154.466 15.7249
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V. REUSLTS OF NUMERICAL CALCULATIONS

Numerical calculations were carried out for the waveguide
structure: Cu (copper) surface layer deposited on the steel
substrate (Fig.1). For Cu: p; =3.91x 10'° N/m?, and
p1 = 8.9 %103 kg/m3. For steel: u, = 8.02 x 101° N/m?,
and p, = 7.8 X 10% kg/m3. Surface of the Cu layer is loaded
with a viscous liquid half-space x, < —D. The thickness D of
the surface layer is 0.4 mm. The density of the liquid was
assumed as pf**ct =1 x 103 kg/m3. Losses in the Cu layer
and steel substrate are neglected. The only source of losses is
the viscosity of the liquid.

We formulated and solved the inverse problem for the
determination simultaneously two unknown variables, i.e.,
liquid viscosity 7, and density p;. The inverse problem was
formulated as an optimization problem, where the objective
function T1(n, p;), (Eq.4), is minimized. This inverse problem
has been solved for several values of added (to exact values of
the phase velocity and attenuation) random errors ranging
from 0.1% to 10%, see Table 1.

The relative error for a series of N measurements of liquid
viscosity was defined as follows:

zi:alcinexactl |nz2:alc,nexact| |ncalc exact|

Ne —1
|pexact|

Relative Error = {(In

NERS

An analogous formula holds also for the relative error for a
series of N measurements of the density of a liquid.

|pexact| |pexact|

TABLE II. Relative error of the simultaneous determination of
both the viscosity and density of the liquid evaluated from the inverse
method using objective function I1(n, p;), for the maximum random
errors equal to 0.1%, 1%, 5%, and 10%. Average value is the
arithmetic mean of 10 consecutive evaluations of liquid viscosity and
density. Each evaluation of (1, p;) results from the minimization of
the objective function I1(n, p;), (Eq.4), for subsequent simulated
dispersion curves of phase velocity and attenuation.

Random
0.1% 1% 5% 10%
error
Relative
error (1) 1.38 5.56 12.27 18.47
[%]
Average
0.99189 0.9694 0.9556 0.9516
value (1)
Error(n) [%] 0.8108 3.0500 4.4364 4.8310
Relative
error (p;) 1.41 5.92 13.96 19.94
[%]
Average
1008.34 1036.30 1060.71 1086.39
value (p;)
Error (p;)
%] 0.8342 3.6300 6.0711 8.6394
‘0
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Rows 4 and 7 display errors of arithmetic average of 10
consecutive evaluations of liquid viscosity n, and density p;.
These errors are lower than the corresponding relative errors
inserted in rows 2 and 5. This is due to the fact, that averaging
reduces the level of random errors.

VI. CONCLUSIONS

In the paper, the Sturm-Liouville direct problem for the
Love wave propagating in an elastic layered waveguide loaded
on the surface by a viscous liquid was formulated and solved.
Subsequently, the inverse problem for the ultrasonic Love
wave propagating in the considered waveguide structure was
also formulated and solved. The inverse problem was
formulated as an optimization problem. For this purpose the
appropriate objective function was constructed. Minima of this
objective function were evaluated by using the appropriate
optimization procedures (Nelder-Mead - nonlinear simplex,
and Simulated Annealing). These minima determine
simultaneously sought values of the viscosity n and density p;.
These values of liquid viscosity and density constitute the
solution of the inverse problem.

Objective function includes experimental data (v;/" and a;™)
and values of phase velocity and attenuation of Love waves
(v and aj) calculated by solving the direct problem.
Calculated values (vj and af) are functions of unknown
viscosity m and density p; of a viscous liquid respectively.
These values (v; and @) depend also on the material
parameters of the waveguide, that are known “a priori”.
Objective function is a measure of the distance between
experimental data and values obtained from the theoretical
model. Minimization of this distance allows to specify
simultaneously the unknown values of liquid viscosity and
density.

The solution of the Inverse Problem enables
simultaneous determination with good accuracy (of the order
of 5%), both the density and viscosity of a viscous liquid. The
accuracy of the obtained results can be improved by
averaging, i.e., by solving the Inverse Problem for a series of
simulated experimental dispersion curves, and consequently,
by calculating the mean value of the obtained values of liquid
viscosity n and density p;.

Simultaneous determination of the viscosity and density of
liquids is of great importance in the monitoring of
technological processes in the chemical, food, pharmaceutical,
and polymer industries.

1995

The results obtained in this paper are original and
fundamental and can provide essential data for the design and
development of Love-wave based miniaturized liquid sensing
devices, such as bio and chemo-sensors. Results of the work
can also be employed in geophysics and seismology.

According to the authors knowledge, formulation and
solution of the Inverse Problem of the ultrasonic Love wave
propagation in a layered elastic waveguide loaded with a
viscous (Newtonian) liquid, and consequently, simultaneous
evaluation of the viscosity n and density p; of Newtonian
liquid is a novelty.
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